The purpose of this paper, for a given operator T and function f(z) whose domain D contains Sp (T), is to find an expansion in a series of polynomials F n (z) where the convergence is uniform on compact subsets of some open set containing Sp(T) and such that where f(T) is defined as above, and where the convergence takes place in the operator norm topology.
is the power series representation of f(z) in \z -a\ < r. See [4] and [8] . However the spectral radius formula shows that the above geometric condition is also necessary: PROPOSITION 1 . does not converge because |(-a -a)/a\ > 1 or \(a -a)/a\ > 1 as is readily verified by using the law of cosines. The purpose of this paper, for a given operator T and function f(z) whose domain D contains Sp{T), is to find an expansion n = 0 in a series of polynomials F n (z) where the convergence is uniform on compact subsets of some open set containing Sp(T) and such that n=0 where f{T) is defined as in (1.1), and where the convergence takes place in the operator norm topology. Moreover we shall show that in an " ./V^ root sense" to be made precise later, the speed of convergence where ||.|| denotes the operator norm on C(B), is dominated by
where H-H^, denotes the supremum norm on the set E C C. We remark that if T is a normal operator on a Hilbert space then the spectral theorem tells us that This contour will happen to be the level curve of some conformal mapping, as will be shown in Section III. In that sense the proof of our main result has some similarities with the proof of the classical result [4, 14] that Sp(T) C open left half plane = > \\e tT \\ -> 0 as t ->• oo, where an appropriate contour C also has to be chosen. However in the latter setting, C is a contour enclosing Sp(T) and bounded away from the y-axis, and conformal mapping plays no role.
The polynomials F n (z) happen to be the Faber polynomials for (an appropriate set E containing) Sp{T) and the next section is devoted to the review of these polynomials. Section III contains the statement and proof of our main result. The last section is devoted to illustrative examples.
II. PRELIMINARIES FROM APPROXIMATION THEORY IN THE COMPLEX PLANE
In this section we state, mostly without proof, results of complex approximation theory which will be needed in the next section. We follow essentially three sources: [11, 12, 13] .
Let £ be a compact simply connected set of the complex plane containing more than one point and let u> -4>{z) map conformally E x t ( £ ) into \w\ > 1 and with 4>{oo) = oo. The map <j>(z) has the form [5] Faber polynomials 307
For p > 1 let T p be the level curve
As 
(E) of E, which is the case if B r (E) is a Jordan curve, we write I \ = B r (E).
In that case the mapping function and its inverse are still denoted by w = <j>{z) and z -ip(u>) respectively.
The following celebrated theorem of Walsh [13] will play a fundamental role in the sequel. 2 ) + . . . , the function P n (tp(u))) has a pole of order n at oo. It follows that is analytic at oo. Now the maximum principle yields, for p ^ 1, up to a factor of Klog(N), the best approximation of f(z) by polynomials of degree N for the supremum norm on E. See [3, 7, 9] . The following specialised version of Bernstein's theorem [11] will be needed. converges uniformly on the compact subsets of \ui\ > 1.
PROOF: In what follows M is a generic constant whose value may change from occurrence to occurrence. Let e > 0. Then, for n big enough, P n (z)|L < ( ! + £ ) " • at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700031051 [9] Faber polynomials 311
Now
The fact that the curve F i + e is bounded away from Sp(T) and standard continuity (the curve Fi + E is analytic) and compactness arguments, together with Walsh's theorem, yield sup (|p n ( 7 (t))| ||(7(*K-r)"
where f(t) is a C 1 parametrisation of F 1 + £ . Hence
\\P n (T)\\^M(l+e) 2n .
It follows, because e > 0 is arbitrary, that is analytic at oo.
PROOF: Remark first that ip(w) is denned for \u\ > 1 so that ip{u>) £ E 3 Sp{T). Hence i/>(w) -T is invertible and bounded. The term in the highest power of w of the asymptotic expansion at oo of uixp'{uj) (ip{u) -T)
is CUJ{CUI -T) where c is the capacity of E. But REMARK. What will be used in the proof of Proposition 3.4 below is the fact that the map is analytic at oo where X € (C(B) ) , the dual of C(B). This follows at once from Lemma 3.3 and the continuity and linearity of X. (This also shows that ||.FnCz)|| B ^ M if the boundary B T (E) of E is an analytic curve. See [6] .) As in the proof of the usual generating function formula, the following observation will play a central role.
From the definition of the Faber polynomials F n (z) we see that " -F n (Q has a zero of order two at oo. We now have built the necessary tools for the proof of our main result, Theorem 3.1. In view of Theorem 3.5, only the error estimates remain to be proved. We prove only (3.2) because this relation clearly implies (3.1).
PROOF OF THEOREM 3.1: We remark that in the formula
p' may be taken as close as we please to p as far as p' < p. It follows easily that l i m s u p | a n | 1 / n^ -.
n-¥oo P
In fact we have limsup|a n | 1 / n = -. On the other hand (3.7)
n->oo It follows from (3.6), (3.7) and standard estimates that at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700031051 [14] We obtain, using the above overconvergence arguments and Proposition 2. We restricted ourselves to the case when Sp(T) is connected, however this constraint is unnecessary. It suffices to take for E a compact simply connected set containing Sp(T) and containing D. However in that case conclusion (3.2) of Theorem 3.1 will have to be replaced by (The a n are half the Fourier coefficients of l/(cos 6 -2). See [10] .) Now the level curve which passes through the point 2 is the ellipse T 2 +^. It follows by Theorem 3.1 that 
